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Abstract 

Let Xx ^, Xx ^, ■ ■ ■, Xx„ be independent nonnegative random variables with Xx^ ~ 
F{Xit), i = 1,... ,n, where Xi > 0, i = 1,... ,n and F is an absolutely continuous 
distribution. It is shown that, under some conditions, one largest order statistic X^.^ 
is smaller than another one according to likelihood ratio ordering. Furthermore, 
we apply these results when U is a generalized gamma distribution which includes 
Weibull, gamma and exponential random variables as special cases. 
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1 Introduction 


Let F be the distribution function of some nonnegative random variable X. Then the 
independent random variables ... ,Xx„ follow the scale model if there exists Ai > 


0,..., A„ > 0 such that, Fi{t) = F{Xit) for i = 1,.. . ,n. F is calle c 
and the A's are the scale parameters. Recently, 


Khaledi et ah 


the baseline distribution 


20111) studied conditions 


under which series and parallel systems consisting of components with lifetimes from the 
scale family of distributions are ordered in the hazard rate and the reverse hazard rate 
orderings, respectively. In this paper we revisit this problem and broaden the scope of their 
results to likelihood ratio ordering, which is stronger than the other orderings. 

There is an extensive literature on stochastic orderings among order statistics and spac- 


eters, see for instance. Kochar and Kirmani (1996'). 

Dvkstra et ah (1997 

), 

Bon and Paltanea 

(1999 

), 

Ahaledi and Kochar 

(200oL Kochar and Xu 

(2009). Joo and Mi 

( 

2010). Torrado et ah 

(2010 

), 

Torrado and Lillo ( 

2013) and the reference 

s therein. Also see a review paper by 

end these works is to consider the scale 

Kochar 

(2012') on this topic. A natural wav to ext 


model since it includes the exponential distribution, among others. The scale model, also 
known in the literature as the proportional random variables (PRV) model, is of theoretical 


leal importance in var i ous h e 


Pledger and ProschaiJ fll97ll) . 


ds o: 


pro 


jabili ty and statistics and h a s bee n 


Hul (119951) and iTorrado and VeermaiJ (120121) , 


as well as prac 
investigated in 
among others. 

In this article, we focus on stochastic orders to compare the magnitudes of two largest 
order statistics from the scale model when one set of scale parameters majorizes the other. 
The new results obtained here are applied when the baseline distributions are generalized 
gamma distributions. Recall that a random variable X has a generalized gamma distribution, 
denoted by X ~ GG{I3, a), when its density function has the following form 

fit) = > 0 ’ 


where f3,a > 0 are the shapes parameters. The importance of this distribution lies in its 
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flexibility in describing lifetime distributions ensuring their applications in survival analysis 


and reliability t 


leory . 


Manning et al.l ( 2005 ). 


t is of gr e at in 


Ali et al. 


(1200811 and 


erest in several a r eas of application, see for example, 


Chen et al. 


(120121) . It is well known that gener¬ 


alized gamma distribution includes many important distributions like exponential, Weibull 


and gamma as special cases. We also present some new r e sults which stren g 
of those established ear l ier in the literature by 


Zhaol (12011 ). 


Zhao and BalakrishnaiJ (120131) for gamma distributions and 


Misra and Misra 


Torrado and Kocharl (l2015h for 


Weibu l l distributions. Further resu lt s on these subjects are containe d in, e.g., 


(2005 

), 

(2013 

), 


Khaledi and Kocharl (120071) . IZhao and BalakrishnanI (120111). 


Fang and Zhang 


hen some 


2013) and 


Lihong and Xinsheng 


Bala 


crishnan and Zhao 


(120131) . It may be mentioned that iGupta et al. 


(120061) considered 


monotonicity of the hazard rate and the reverse hazard rates of series and parallel systems 
when the components are dependent. 

The rest of the paper is organized as follows. In Section [2|, we introduce the required 
dehnitions. Sections [3] and (Hare devoted to investigate the reverse hazard rate and likelihood 
ratio orderings of largest order statistics considering the general scale model, respectively. 


2 Basic definitions 

In this section, we review some definitions and well-known notions of majorization concepts 
and stochastic orders. Throughout this article increasing and non-decreasing will be used 
synonymously as decreasing and non-increasing. 

We focus attention in this article on nonnegative random variables. We shall also be using 
the concept of majorization in our discussion. Let {x(i), a:( 2 ),..., a^(n)} denote the increasing 
arrangement of the components of the vector x = (xi, X 2 ,..., Xn)- 

m 

Definition 2.1 The vector x is said to be majorized by the vector y, denoted by x < y, if 

j j n n 

forj = l,...,n-l and ^i/p). 

2=1 2=1 2=1 2=1 
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Functions that preserve the ordering of majorization are said to be Schur-convex, as one 
can see in the following dehnition. 

Definition 2.2 A real valued function (p defined on a set A G 3?" is said to be Schur-convex 
( Schur-concave ) on A if 

m 

X < y on A^ 

Replacing the equality in Dehnition 12.1 1 bv a corresponding inequality leads to the concept 
of weak majorization. One can majorize from above or below. The following dehnition 
addresses majorization from above. It is also called supermajorization. 


Definition 2.3 The vector x is said to he weakly majorized by the vector y, denoted by 

W 

x<y, if 

3 3 

forj = l, 


.n. 


2=1 


2=1 


It is known that x < y ^ x < y. The converse is, however, not true. For extensive and 
comprehensive deta ils on the theory of m ajorization orders and their applications, please 


refer to the book of 


Marshall et ah 


(120 iih . 


Let X and Y be univariate random variables with cumulative distribution functions 
(c.d.f.’s) F and G, survival functions F {= 1 — F) and G (= 1 — G), p.d.f.’s / and g, hazard 
rate functions hp (= // F) and he (= gf G), and reverse hazard rate functions rp (= f / F) 
and re (= g/G), respectively. The following dehnitions introduce stochastic orders, which 
are considered in this article, to comp are the magnitudes of two r a ndom variables. For more 


details on stochastic comparisons, see 


Shaked and Shanthikumarl (120071) . 


Definition 2.4 IFe say that X is smaller than Y in the: 

a) usual stochastic order if F(t) < G(t) for all t and in this case, we write X <st Y, 

h) reverse hazard rate order if G{t)/F(t) is increasing in t for which the ratio is well 
defined, or if rp(t) < rcit), for all t, denoted by X <rh Y, 
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c) likelihood ratio order if gif)/fit) is increasing in t for which the ratio is well defined, 
for all t, denoted by X <ir Y. 


3 Reverse hazard rate ordering results 

Let Xai, Va2, • • •, be independent nonnegative random variables with X\^ ~ F(Ajt), 
i = 1,... ,n, where Aj > 0,i = 1,...,n and F is an absolutely continuous distribution. Let 
/, h and r be the density, hazard rate and the reverse hazard rate functions of F, respectively. 
The distribution function of X^.^, the largest order statistic formed from Xxj^,Xx^, ... 

is 

n 

i=l 


and its reverse hazard rate function is 


l.nV) = '^>-ir(\it). 


(3,1) 


Khaledi et ah 


2=1 


(120111) proved the following result on comparing two parallel systems when 


the underlying random variables follow the scale model and their scale parameters majorize 
each other. 


Theorem 3.1 Let Xx,^,... ,Xx„ be independent nonnegative random variables with ~ 
F(Ajt), i = 1,... ,n, where Aj > 0, i = 1,...,n and F is an absolutely continuous distribu¬ 
tion. Let r be the reverse hazard rate function of F, respectively. Ift‘^r'{t) is increasing in 
t, then 

In the next theorem we extend the above result to the case when the two sets of scale 
parameters weakly majorize each other instead of usual majorization. 

Theorem 3.2 Let Xaj,• • •,Xa„ be independent random variables with Xx^ ~ F{Xit) 
where Aj > 0, i = 1, ..., n. Iftr{t) is decreasing in t and Fr'ft) is increasing in t, then 

^ \ a 

(Al, . . . , An) < (01, ■ ■ ■ ,dn) ^ X„,„ <rh X„.„. 
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Proof. Fix t > 0. Then the reverse hazard rate of as given by fl3.ip can be rewritten 


as 




2=1 


-T=^ 


where = tr{t), t > 0. From Theorem A.8 of [Marshall et al.l (120111) (p. 59) it suffices to 
show that, for each f > 0, is decreasing in each A,, i = 1,..., n, and is a Schur-convex 

function of (Ai,..., A„). By the assumptions, tr{t) is decreasing in t, then the reverse hazard 
rate function of is decreasing in each A^. 


Now, from Proposition C.l of 


Marshall et ah 


(120111) (p. 64), the convexity of is 


needed to prove Schur-convexity of Note that the assumption is increasing in 

t is equivalent to r{t) + tr'{t) is increasing in t since 

[f^r'(t )]' = t (2r'(t) + = t [r{t) + tr'(t)]', 

and r{t) + tr'{t) is increasing in t is equivalent to tr{t) is convex since 

[tr{t)]' = r{t) + tr'{t). 

Hence, -^(t) is convex. ■ 

Note that the conditions of Theorem 13.21 are satished by the g eneralized gamma distri¬ 


bution with parameters /3 < 1 and a > 0 as 


Khaledi et al. 


(120111 ) proved that vr'{t) is an 


increasing function for X ~ GG{f3, a), when (3 < 1 and a > 0. It is easy to verify that tr{t) 
is a decreasing function of t when /3, a > 0. 

As one natural application. Theorem 13.21 guarantees that, for parallel systems of compo¬ 
nents having independent generalized gamma distributed lifetimes with parameters /3 < 1 
and a > 0, the weakly majorized scale parameter vector leads to a larger system’s lifetime 
in the sense of the reverse hazard rate order. 

The generalized gamma distribution includes many important distributi ons like exponen¬ 


tial ((3 = « = !), Weibull {(3 = a) and gamma {(3 = 1) as special cases. 


Misra and Misra 


(120131) proved that in the case of gamma distribution with density function 

fit) = i > 0, 

F(a) 
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when a > 0 and n> 2, 




(3.2) 


Note that, when 0 < a < 1, fl3.2p can be seen as a particular case of Theorem 13.21 since 


gamma distri 
Recently, 


jution is a particular case o f generalized gamma distribution when (3 = 1. 


Torrado and Kocharl (120151) established, in Theorem 4.1, the reverse hazard 


rate ordering between parallel systems based on two sets of heterogeneous Weibull random 
variables with a common shape parameter and with scale parameters which are ordered 


according to a maj orization order when t 


So Theorem 4.1 in 


le co mmon shape parameter a satishes 0 < a < 1. 


Torrado and Kocharl (120151 ) can be seen as a particular case of Theorem 


I3.2l because Weibull distribution is a particular case of generalized gamma distribution when 
(3 = a. 


4 Likelihood ratio ordering results 

In this section, we investigate whether the result of Theorem 13.21 can be strengthened from 
reverse hazard rate ordering to likelihood ratio ordering. First, we consider the case when n = 
2 and the scale parameters of the scale model are ordered according to a weekly majorization 
order. 


Theorem 4.1 Let X\^^X\ he independent nonnegative random variables with ~ F{Xit) 
and Xx ~ F{\t), where Ai, A > 0 and F is an absolutely continuous distribution. Let FAp W 
he independent nonnegative random variables with Yx^ ~ -^(Ajt) and Yx ~ F{\t), where 
A^, A > 0. Let r he the reverse hazard rate function of F. Assume tr(t) and tr'{t)/r{t) are 
both decreasing in t. Suppose A^ = min(A, Ai, Aj), then 


(Ai,A)<(At,A) 


^ 2:2 (^) • 


r2-.2it) 


is increasing in t. 


0(f) 


^ 2 : 2 (^) 

r2-.2{t) 


X*ir{Xlt) + Ar(Af) 
Air(Aif) + Ar(Af) ’ 
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Proof. Let 




























and its derivative for t > 0 is, 


((A^)^r'(Ait) + A^r'(At)) (Air(Ait) + Ar(At)) 
—t^ {Xlr{X’lt) + Xr{Xt)) (^Xlr'{Xit) + A^r'(At)) 
= AiA^t^ {Xlr'{Xlt)r{Xit) — Air(A*t)r'(Ait)) 
+AiAt^ (Ar'(At)r(Ait) — Air(At)r'(Ait)) 

+AA*t^ {Xlr'{Xlt)r{Xt) — Xr{Xlt)r'{Xt)) 



'ijj{Xlt)'ijj{Xit) {-r]{Xlt) + //(Alt)) + 'ip{Xt)'ilj{Xit) (-//(At) + //(Ait)) 
+i’{Xlt)^l){Xt) (-//(Att) + //(At)), 


where 


(t^ 

'll) (t) = tr(t) and // (t) = —t—^. 


Note that V' (t) > 0 for all t > 0 and // (t) >0 since r'(t) < 0 because tr(t) is a decreasing 
function. By the assumptions, we know that ijj (t) is decreasing and rj (t) is increasing in 


t. If A); = min(A, Ai,A^) and (Ai, A) < (AJ,A), then A* < A < Ai or A^ < Ai < A. When 
Ai < A < Ai, we have 

(j)'{t) //)(Att)'0(Ait) (-//(Alt) + //(Alt)) + '0(At)//)(Ait) (-//(At) + //(Ait)) 

+'0(Att)//>(At) (-//(Att) + //(At)) 

> 0 , 

since // (A*t) < // (At) < // (Ait). When A* < Ai < A, we get 

0'(t) > '0(At)/^(Ait) (-//(Alt)+//(Ait))+/^(At)'0(Ait) (-//(At)+//(Ait)) 
+//;(Ait)//^(At) (-//(Alt) + //(At)) 


2'0(At)'0(Ait) (-//(Alt) + //(Alt)) > 0. 
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Therefore f' 2 . 2 {t)/^ 2 : 2 {t) is increasing in t. ■ 

In the next result, we extend Theorem 13.21 from reverse hazard rate ordering to likelihood 
ratio ordering for n = 2. 


Theorem 4.2 Let Xxi,Xx be independent nonnegative random variables with Xx^ ~ F{Xit) 
and Xx ~ F{Xt), where Ai, A > 0 and F is an absolutely continuous distribution. Let r be the 
reverse hazard rate function of F. Let Yx*,Yx be independent nonnegative random variables 
with Yx* ~ F{Xlt) and Yx ~ F{Xt), where XI, X > 0. Assume tr{t) and tr'(t)/r(t) are both 
decreasing in t and t^r'{t) is increasing in t. Suppose A^ = min(A, Ai, A];), then 

W 

(Al, A) < (A^, A) ^ X2:2 Ylr ^2:2- 


Proof. From Theorem 14.11 we know that ?" 2 - 2 (^)/’" 2 : 2 (^) is increasing in t under the given 

W 

assumptions. By Theorem 13.21 ('Ai. Al < (AT, A) implies X 2 , 2 . <rh Y 2 , 2 . Thus the required 


result follows from Theorem 1.C.4 of 


Shaked and Shanthikumarl (120071 1. 


The conditions of Theorem 14.21 hold when the ba seline distribut i on in the scale model is 
GG{f3, a) with parameters ct < (3 < 1. We know from 


Khaledi et al. 


(120111) that for a, (3 > 0, 
the function tr{t) is decreasing in t and for (3 <1 and a > 0, the function t^r'{t) is increasing 
in t. In Lemma [4.31 we show that the function tr'{t)/r[t) is decreasing in t when a < (3. 


Lemma 4.3 Let X ~ GG{(3,a), a < (3, with reverse hazard rate r{t), then tr'{t)/r(t) is a 
decreasing function. 


Proof. The reverse hazard rate of GG{I3, a) is 


r{t) = 




From (A.21) in 


Khaledi et al. 


/g x°‘~^e~^^dx 


(1201 ll) . we know 


t I } = a — 1 — (dt^ — trit). 
r{t) ^ ^ 


(4.1) 


Differentiating with respect to t, we get 

r'{t) 


_ r{t) 


= -l3H^-^ -r(t)-tr'{t). 
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Note that, in general, the derivative of any reverse hazard rate with respect to t is 


r'(t) = 


m 


(4.2) 


Combining these observations, we have 

r'{t) 


t- 




From 


Khaledi et ah 


= + r{t) (^tr{t) - 1 - . 


(120111) , we know that tr(t) is a decreasing function for (3,a > 0 and also 


that limt^o^^"(^) = « and hmt_,.oo tr(t) = 0, then tr{t) < a for all t > 0. Then 

r'{t) 


_ r{t) 


< + r(t) {a-1- 


(4.3) 


From fld.ip and fl4.2p . we get 

r'{t) _ t (fit) 


t 


then 


r{t) r{t) \F{t) 

m 


rft) = t 


m 

fit) 


- rf) , 


I , = a — 1 — j3f — trit) + trit) 


fit) 


= a — 1 — f3tt 


By replacing the above expression in fl4.3p . we have 
r'(t) 


. rit)_ 


< —13‘^f ^ + r(f) (cK — 1 — (cK — 1 — f3f)) 

= +/3f^r(f) 

= /?('’ + r(()) < 0 


since fr(f) < a < (3. m 

Theorem 14.21 says that the lifetime of a parallel system consisting of two types of gener¬ 
alized gamma components with parameters a < /? < 1 is stochastically larger according to 
likelihood ratio ordering when the scale parameters are more dispersed according to weakly 
majorization. 
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Note that, when 0 < a < 1, Theorem 3.4 in IZhaol (120111) can be seen as a particular 


case of Theorem 14.21 since gamma distribution is a particular case of generalized gamma 
distribution when (3 = 1. 

As an immediate consequence of Theorem 14.21 we have the following result which provides 
an upper bound of two random variables from a scale model. 


Corollary 4.4 LetX\^,Xx^ he independent nonnegative random variables with X\^ ^ F{Xit) 
fori = 1,2. Let hi, 1^2 be independent nonnegative random variables with a common distri¬ 
bution Yi ~ F{Xt) fori = 1,2. Assume tr(t) and tr'{t)/r{t) are both decreasing in t and 
t^r'it) is increasing in t. Suppose A < min(Ai,A 2 ), then 

A < ^ X,, <„ r,. 

Next, we extend the study of likelihood ratio ordering between largest order statistics 
from the two-variable case to multiple-outlier scale models. 


Theorem 4.5 Let Xi,..., X^ be independent nonnegative random variables such that Xi ~ 
F{Xit) for i = 1,... ,p and Xj ~ F{Xt) for j = p -\- I,... ,n, with Ai, A > 0 and F is 
an absolutely continuous distribution. Let Yi,... ,Yn n be independent nonnegative random 
variables with Yi ~ Y{Xlt) for i = 1,... ,p and Yj ~ F{Xt) for j = p + 1,... ,n, with 
Ai, A > 0. Let r be the reverse hazard rate function of F. Assume tr{t) and tr'{t)/r{t) are 
both decreasing in t. Suppose Ai = min(A, Ai, A*), then 


(Ai,..., Ai, A,..., A) < (Ai,..., Ai, A, 


rt.nit) . . . . , 

- — IS increasing in 

^ n\n ) 


where q = n — p. 


Proof. From (13.ip we get the reverse hazard rate function of 

rn-.n{t) = pAir(Aif) qXr{\t), 


where p + q = n. Let 

,^ pX\r{X\t) + qXr{Xt) 
rn-.nit) pAir(Ait) -h qXr{Xt) ’ 
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On differentiating 0(t) with respect to t, we get 


4>'{t) [p (Ai)^ r'{Xlt) + gAV(At)) (pAir(Ait) + qXr{Xt)) 

{pXlr{Xlt) + qXr{Xt)) {pXlr'{Xit) + qX‘^r'{Xt)) 

= p^XiX^t^ (A^r'(A^t)r(Ait) — Air(A*t)r'(Ait)) 
+pgAiAt^ (Ar'(At)r(Ait) — Air(At)r'(Ait)) 


+pqXXlt^ (A^r'(A^t)r(At) — Ar(A^t)r'(At)) 


p^AiAit^r(Ait)r(Ait) ( A^t 

+pgAiAt^r(At)r(Ait) ( Xt 


r'{Xlt) 


r(Ait) J 


rim 

r'm ^^ /im \ 


+pqXXlt^r{Xlt)r{Xt) ( A^t 


r(At) 

r'im 


Xt 


r{Xit) J 
r'{Xt) 


r(A^t) r{Xt) 

= p'^ipiXimiXit) i-piXlt) + viXit)) + pq'ipiXmiXit) i-piXt) + piXit)) 


+v(iiJiKmm i-vim + vixt)) , 


where 

'll) (t) = trU) and p (t) = —t——. 

r{t) 

Note that 'ip (t) ,p (t) > 0 for all t > 0. By the assumptions, we know that rp (t) is de¬ 
creasing and p (t) is increasing in t. If AJ = min(A, Ai, AJ) and (Ai,..., Ai, A,...,A) 
(A^,..., A*, A,..., A), then A^ < A < Ai or A* < Ai < A. When A^ < A < Ai, it is easy to 
check that 0'(t) > 0 since p (A^t) < p (At) < p (Ait). When A); < Ai < A, we get 


(p\t) > p‘^^p{Xt)^piXlt) (-piXlt) + piXit)) + pq^piXt)^p{Xlt) (-piXt) + piXit)) 
+pqtpiXit)pj{Xt) i-piXlt) + piXt)) 

= npip{Xt)ipiXit) {—p{Xlt) + ? 7 (Ait)) > 0. 


Therefore rp.nit)/rn-.nit) is increasing in t. ■ 

In the next result, we extend Theorem 14.21 from the two-variable case to multiple-outlier 
scale models. 
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Theorem 4.6 Let Xi,..., Xn be independent nonnegative random variables such that Xi ~ 
F{Xit) for i = 1,... ,p and Xj ~ F{Xt) for j = p + I, ■■■ ,n, with Ai, A > 0 and F is 
an absolutely continuous distribution. Let Yi,... n be independent nonnegative random 
variables with Yi ~ F{Xlt) for i = 1,... ,p and Yj ~ F{Xt) for j = p + 1,... ,n, with 
A^, A > 0. Let r be the reverse hazard rate function of F. Assume tr{t) and tr'{t)/r(t) are 
both decreasing in t and t^r'{t) is increasing in t. Suppose A]' = min(A, Ai, A^), then 


(Al, . . . , Ai, A, . . . , A) < (A^, . . . , A^, A, . . . , A) ^ Xn-n <lr Yn.,r. 


Proof. From Theorem 14.51 we know that is increasing in t when tr{t) and 

W 

tr'{t)/r(t) are both decreasing in t. Since (Ai,..., Ai, A,..., A) < (A^,..., A*, A,..., A)and 
t^r'[f) is increasing in t , then ^ <rh Yn-n from Theor e m 13.21 Thus the required result 


follows from Theorem 1.C.4 in 


Shaked and Shanthikumarl (120071). 


Note that, when 0 < a < 1, Theorem 3.1 in 


Zhao and BalakrishnanI (120131) can be seen as 


a particular case of Theorem 14.61 when A* < Ai < A since gamma distribution is a particular 
case of generalized gamma distribution when ft = 1. 

Next, we establish the analog of Theorem 14.61 when both the baseline distributions and 
the scale parameters are different in the multiple-outlier scale models. 


Theorem 4.7 Let Xi,..., X„ be independent nonnegative random variables such that Xj ~ 
F(Ait) for i = 1,... ,p and Xj ~ G{Xt) for j = p + I, ■ ■ ■ ,n, with Ai, A > 0 and F is an 
absolutely continuous distribution. Let XJ',...,X* be n independent nonnegative random 
variables with X* ~ T(A*t) for i = 1,... ,p and X* ~ G{Xt) for j = p + I, ■■■ ,n, with 
A^,A > 0. Let rp and vq be the reverse hazard rate functions of F and G, respectively. 
Assume trpit) and tr'p{t)/rp{t) are both decreasing in t. Suppose rpit)/reft) is increasing 
in t, then 

Al = min(A, Ai, At) ^ Xn-,n <ir X*.^. 

Proof. From (13.ip we get the reverse hazard rate function of X„.„: 

rn:n{t) = pXiVp^Xit) + qXvaiXt), 
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where p + q = n. Similarly the reverse hazard rate function of X*.^ is 


K-.nit) = pKrFiXit) + qXrciXt). 


si 

Observe that Xj = X* for j = p + 1,... ,n. By the assumptions, we know that trp(t) is 
decreasing in t an d AT < Ai, then we have <rh X *.„ since Tn-.nif) < From 


Theorem 1.C.4 in 


Shaked and Shanthikumarl (120071) . it is enough to prove that the ratio of 


their reverse hazard rate functions is increasing, i.e., we need to show that the function 


Mf) = = pXlrpjXlt) + qXrcjXt) 

rn:n{t) pXiTpiXit) + qXrdXt) 

is increasing in t. On differentiating 0(t) with respect to t, we get 


{p (A^)^ r'p,{Xlt) + gAVg(At)) (pAirj7’(Ait) + qXrdXt)) 

-t^ {pXlrpiXlt) + qXrciXt)) {pXlr'p{Xit) + qX^r^^Xt)) . 


Let us denote: 

ijjp it) = trpit), pf it) = -t^^, iJG [t) = trcit) and pc (t) = 

rpit) rcit) 

then the derivative of 0(t) can be rewritten as 

(j)'[t) p‘^'iljF{Xlt)i>F{Xit) {-ppiXlt) + priXit)) + pqijG{Xt)'iljF{Xit) (-pciXt) + priXit)) 
+pq1pFiXlt)^|JGiXt) (-pFiXlt) + PGiXt)). 


The assumption rpit)/rGit) is increasing in t is equivalent to r/F (t) < PGit) for all t. In 
addition, we know that pp (t) is increasing in t and A^ < A then ppiXlt) < ppiXt) < pGiXt) 
for all t. By the assumptions, we know that 'ipp (t) is decreasing in t and A^ < Ai, then 

0'(t) > p^'ljjFiXlt)'ljjFiXit) {-ppiXlt) + ppiXit)) + pqijG{Xt)'tpF{Xit) {-ppiXlt) + ppiXit)) 

= pippiXit) i-ppiXlt) + PF{Xit)) {p'ipF{Xlt) + q'lpGiXt)) > 0, 


since pp (t) is increasing in t. Therefore r^^nit) / i^n-.nit) is increasing in t. m 
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